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Momentum and energy balance considerations are used to analyze the plasma flow in a Hall thruster
at the limit of intense full ionization with no losses. Two cases are examined; one in which the ion
velocity at the anode is zero, and the second in which an ion backflow exists near the anode.
Analytical expressions are found for the current utilization and for the thruster efficiency in each
case. In the first case an expression is also found for the electron temperature at the anode, while in
the second case expressions are derived for the magnitude of the ion backflow into the anode and
for the location of the ionization region along the channel. These dependencies are expressed in
terms of the applied magnetic field and voltage, the mass flow rate, the thruster geometry and the
ionization energy. ©2002 American Institute of Physic§DOI: 10.1063/1.1508774

I. INTRODUCTION temperature causes the ionization to occur only in a narrow
layer that is separated from the regions of ion acceleration. In
Hall thrusters, a type of electric thrusters that are useé more recent analysiSAhedoet al. included losses at lat-
for propulsion of space vehiclés? perform with efficiencies eral walls and heat conduction and showed that accounting
of more than 50% in the important range of specific impulsegor these additional processes makes the division of the flow
of 1500-2500 seconds. There is a substantial interest in innto distinct regions less apparent and the electron tempera-
proving the Hall thruster performance in terms of a betterture lower. Other theoretical calculations that include wall
plume collimation, operation extending to both higher andiosses, such as those performed by Makoweskal,? by
lower regimes of power and thrust, and variable thrust. UnChoueiri}* and by Keidaret al,'® also showed lower elec-
derstanding the structure of the plasma flow in the thrustefron temperatures. Despite the not-so-realistic nature of the
could be useful for accomplishing this task. Our efforts to-assumption of no losses the study of this ideal case provides
wards achieving such an understanding have resulted, in rem insight into the governing processes in the thruster.
cent years, in the development of a one-dimensional steady- Qyr purpose in this paper is to pursue the investigation
state model of the Hall thruster and in the demonstration thagf the Hall thruster at the limit of intense full ionization with
a smooth acceleration of the flow to supersonic velocities i |osses in order to gain further insight into the physical
possible inside the thruster chanfiel This work also led to  processes that govern the flow. Employing momentum and
the suggestion of ways to deliberately generate an abruginergy balance considerations, we derive analytical expres-
sonic transition inside the chanrlehdditional aspects of the  sjons for the dependence of the flow variables and the
sonic transition have been addressed by other sciefitists. thryster efficiency on the profile and intensity of the applied
In a recent one-dimensional analysis of the Hall thrUStermagnetic field, on the applied voltage, on the mass flow rate,

Martinez-Cerezo, and Martinez-SancHezave identified the propellant.

different processes that are dominant in distinct different re-  The calculated flow crucially depends on the ion velocity

gions along the thruster. They performed a numerical calcugpecified at the anode. In certain studies the ion velocity was
lation for a set of parameter values that corresponds t0 assymed to be supersonic immediately upon entering the
SPT-100 class thrustérfollowed by an asymptotic analysis channef>1® Since the ionization occurs mostly where the
in which relations between various flow parameters were defq\y is still subsonic, in our investigation we have usually

rived. This ideal case results from the assumption of NQ:hosen the boundary condition that the ion velocity is zero
losses and is characterized by a high electron temperature. Ubon entering the channéat the anode®®>"° In contrast

the case of a high enough mass flow rate, the high electroppeqoet al, in their analysis mentioned aboVe'*have as-
sumed that an electron-repelling sheath exists near the anode
dElectronic mail: fnfrucht@hait.ac.il and have imposed the requirement that the Bohm condiition

1070-664X/2002/9(10)/4363/12/$19.00 4363 © 2002 American Institute of Physics

Downloaded 14 Nov 2003 to 132.77.4.43. Redistribution subject to AIP license or copyright, see http://ojps.aip.org/pop/popcr.jsp



4364 Phys. Plasmas, Vol. 9, No. 10, October 2002 Cohen-Zur et al.

be satisfied at the sheath edge. As a result of these assumnijnit of intense full ionization with no losses. Inspired by the
tions, they have found, for the first time theoretically, steady+ecent results of Ahedet al,'! we adopt some of their no-
state flows that include a backflow towards the anode, simitations and, in the next section, address a problem with simi-
lar to the backflow claimed in the pat*® Recently, Dorf lar values of the control parameters.

et al. have suggested that the existence of a sheath near the The ion dynamics is governed by the continuity equation
anode and the value of the ion velocity there depend on the
applied voltage and the plasma parametrs.is still not
clear what the actual ion velocity at the anode is. Without
resolving this important issue, we examine in our analysis
here both possible cases: zero ion velocity at the anode arfd by the momentum equation

ion backflow towards the anode. In both cases the assump-

tions of intense full ionization and absence of losses result in —(m-nv-z) _ —end—¢ )

the formation of a narrow ionization layer. If the ion velocity ~ dz~ " ' dz’

at the anode is zero the ionization layer is attached to the . )

anode, while if ion backflow towards the anode exists theVNeren andn, are the densities of the quasi-neutral plasma

ionization layer is detached from the anode and separates tﬁé‘d neutral gasy;, Ves an_dva are the ion, electron, and
acceleration region from the backflow region. neutral average velocities in tledirection;e andm; are the

At the limit of intense ionization with no losses the ef- ion charge and mass, ardi_iis. thg electrostaj[ic potential. We
ficiency is only reduced due to a less-than-unity current uti2SSUMe that the main variation in the coaxial geometry of the

lization. In this ideal case the propellant utilization, the frac-thrUSter is along, the axial coordinate. The ions are as-

tion of gas that ends up being ionized upon exiting thesumed cold, collisionless and unmagnetized. The plasma is

thruster, turns out to be unity. Moreover, the electric potentiapenerated by ionizing collisions between electrons and neu-

in the ionization layer is close to the anode potential, result!/@ aloms at a rate per unit volumgnn,, where 5

ing in the energy utilization being nearly unity as well. The — (V). o being the ionization cross section and the notation
channel cross section is assumed constant at all axial posj? "éPresents averaging over the distribution functior of
tions, resulting in no efficiency reduction due to a plume!he €lectron velocity. In writing Eq1) we assumed that the

diversion. One of our goals is thus to derive an analyticaf:ross section of the thruster is uniform along the channel,

expression for the current utilization, and therefore, for the/Vhile in writing Eq. (2) we neglected the small momentum
total efficiency. of the neutrals. We make these two assumptions throughout

A full current utilization that corresponds to a hundred the paper. The axial component of the electron momentum

d B d B d _
d_z(nvi)_d_z(nve)__d_z(nava)_ﬂnnav 1

percent efficiency, fulfilled when all the dissipated electric €quation is
power is used for ion acceleration only, is impossible. A cer- d¢ d(nT)
tain amount of power has to be dissipated in the electron O:enE_ T—joB, (3)

current. It heats up the electrons and, consequently, is used
for production, through ionization, of the ions that generatewhere.l. is the electron temperaturg, is the electron azi-

thrust. This necessary power sink sets a limit on the current. thal current densityB is the intensity of the approxi-
utilization and on the efficiency. An excess of power above

. . mately radial applied magnetic field, and the electron inertia
that amount, however, results in a further, undesired redu y PP g

tion of the current utilization and of the efficiency. In theCis neglected. Adding Eqg2) and(3), we obtain the momen-

: ) . .. tum balance equation
case of a zero ion velocity at the anode this reduction is

expressed in a finite temperature of the electrons that reach ¢
the anode. In the second case, the reduction is expressed d—z(minvi2+ nT)=—j,B. (4)
through the production of an ion backflow towards the an-

ode. These ions do not contribute to the thrust, rather theype particle total pressurghe term in brackets on the left
recombine upon reaching the anode after flowing back fronygnd side of the equatipiis changed by the external force,
the ionization layer. We derive analytical expressions for theynich is the magnetic field force only. In the quasi-neutral
electron temperature at the anode and for the backflow cuk;iasma the net electric field force is negligible relative to the
rent. net magnetic field force. From th&component of the elec-
In Sec. Il we present the model. In Sec. Il we presentyon momentum equation we obtajpB=—mergje/e (vg
two flows calculated numerically for the same set of control— wg/,,)_ Herem,, w., v andj,=—env, are the electron

parameters, but for the two different boundary conditions apass, cyclotron frequency, collision frequency and axial cur-
the anode discussed above. In Sec. IV we derive analyticgbnt density. It is assumed that<w,. Employing this last

relations for the two flows, which we compare with numeri- ra|ation we obtain the momentum balance equation in a more
cal calculations in Sec. V. The results are discussed in Segsefyl form

VI.
Mevgje
e

d
Il. THE MODEL d—z(minvi2+nT)= (5)

In this section we describe the one-dimensional model
employed for analyzing the flow in the Hall thruster at the Integrating Eq.(5) along the thruster we obtain
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5 ) CMyryje As mentioned above, we are interested in two cases. For
(Minvi)c=(Mnvi)a+(NT)a—(NT)c+ fA —e Uz the first case we assume that the ion velocity at the anode is
6 280
The net thrusfthe left hand side of Eq6)] is the sum of va=0. (113

thrust due to the ion backflow that impinges on the anodefFor the second case, we adopt the assumption that an
the difference between the particle pressure at the two endsiectron-repelling sheath exists near the anode. We solve the
of the thruster and the magnetic field force exerted on theuasi-neutral equations up to the edge of the sheath. the
plasma. Here the subscriptsandC denote the values of the sheath is assumed to be narrow, so that the ion velocity at the
quantities at the locations of the anode and the cathode, rémode is taken as the Bohfion acousti¢ velocity towards

spectively. the anode
From Eq.(1) it follows that the sum of the ion and atom
fluxes is uniform along the channel. This sum is o~ —_ E 11D
UA CS_ 3m.1 ( )
|
m
(Vi +Naug)S= —, (7)  and the potential at the anode is taken as the sheath potential
m.
| bsn abovedy
wherem is the mass flow rate an8 is the channel cross
section. In this paper we assume thatis uniform in the P(2=0)= pat dan, (12
channel, and therefore, E¢¢) determines the value of the where
varying neutral density, along the channel as a function of .
inQ i i Ta 3m; jpg
the varying ion flux densityw; . ber=—1 20 (13)
The equation that governs the evolution of the electron e 107me jen
enthalpy is HereT,=T(z=0) is the temperature at the anode that is not
d/5 de 5 specified but rather solved fg,¢ is the ion current density
nved_z<§T) =enveE—,8n na( ai€i+ ET , (8)  at the anoddthe backflow current densityand j., is the

electron current density at the anode.

where €; is the ionization energy and;e; is the average Once the flow parameters are calculated the efficiency
energy cost for ionization. Generally, is a function of the can be determined. The total efficiengy is the product of
electron temperature and decreases wiieimcreases, ex- the propellant utilizationy,,, the energy utilizatioryg, and
pressing the fact that a larger fraction of the electron inelastithe current utilizationyc

collisions end up in ionizations and a smaller fraction in _
excitations?! Wall losses, recombination and heat conduction 7P~ 7m77€”cC: (14
are neglected in the ideal case we assume here. Multiplyinghere the various utilizations are defined as

Eqg. (2) by v; and adding the resulting equation to E8), we

m;Sj(z=L i(z=L))?
obtain an equation for the total energy balance: Nm= %, Ne= M ,
Vo
d [mnv® 5 . _ mv? i (2=1)
dz\ T2 T 3Mve +nujai€tjpd —_ﬁnnaT, ﬂc:JI : . 15
9) Jo
wherejp=en(v;—v,) is the discharge current density. Here ji=em; is the ion current density andv,

We do not calculate the evolution of the flow beyond the= V2€&a/m;.
cathode, nor do we allow a varying cross section of the
plasma flow. Rather, we restrict ourselves to the analysis of|. TWO NUMERICAL EXAMPLES
the assumed constant-cross-section flow between the anode

located az=0 and the cathodéhat coincides with the exit In this section we calculate the flow for which the values
plang atz=L. The boundary conditions that we specify are of the control parameters correspond to an SPT-100 class

the electron temperature at the exit plaméich is the tem- thrustert? The axial profile of the magnetic field, the depen-
perature of the electrons emerging from the cathbgg the d_ence_ of 8 on the electron temperature, th_e electron colli-
potential drop between the anode and the cathde ap- sionality and«; have the same forms as in Ref. 11. For

plied voltaged,), and the ion velocity at the anode, simplicity we assume a flow of a consiant cross section in
which no plume develops. The calculation demonstrates the
T(z=L)=Tc; &(z=0)=dp, ¢(z=L)=0; features of the plasma flow at the limit of intense ionization,
0i(z=0)=0 . (10) features that are exhibited in the next section by the analyti-
cal results.

We also require that there be a smooth acceleration to super- The distance between the anode and the cathode is
sonic velocities towards the exit. The result of imposing=50 mm and the assumed constant cross section of the
these requirements is that the electron current emitted fromhannel isS=45 cnf. The magnetic field is assumed to
the cathode(or the discharge currents determined as an point in the radial direction and to have a dependence on the
eigenvalué:>’ axial coordinate in the form

Downloaded 14 Nov 2003 to 132.77.4.43. Redistribution subject to AIP license or copyright, see http://ojps.aip.org/pop/popcr.jsp



4366 Phys. Plasmas, Vol. 9, No. 10, October 2002 Cohen-Zur et al.

1A 1 1 (©
m/'\
~ 05 05 5 05
—
) L
. @] ],
0 10 20 30 40 50 0 10 20 30 40 50 0 10 20 30 40 50
100 20 2
@ © ] _ ®
15 “g
= s 2
2 50 S 10 5o
0 0 0
0 10 20 30 40 50 0 10 20 30 40 50 0 10 20 30 40 50
1 €:9) »
_Qf:
= 05
0
0 10 20 30 40 50 0 10 20 30 40 50 0 10 20 30 40 50

z (mm) z (mm) z (mm)

FIG. 1. Calculated profiles of flow variables in the Hall thrusteero ion velocity at the anogteS=45 cn?, L=50 mm, z,,=20 mm, L,,=20 mm, m
=5.32 mg/s,p,=300 V, By=120 G, a;=2.5. Denoted iz, the location of the sonic transition.

(2— Z)? boundary conditions(10) by numerically integrating the
B=Bo exp{ Tz | (16) equations from the sonic transition plane towards both anode
m and cathode, as described in Refs. 4, 5, and 7. The values of
with z;,=20 mm and.,=20 mm. This form of the suppos- the control parameters in the numerical examples rare
edly curl-free magnetic field is only approximate. The mag-—g 32 mgs?, =300V, B,=120 G, andTo=2.7 eV.
netic field intensity as a function afis shown in Figs. @) In Figs. 1 and 2 we present the calculated profiles of the
and 2i). _ S flow variables for the two sets of boundary conditions. Fig-
The propellant is Xenon with ionization energy ure 1 shows the profiles of the flow parameters in the case of
=12.1 eV, andw; is taken as a constant;=2.5. The de- ;o yelocity at the anode. These profiles are similar to the
pendence of on the electron temperature is approxmatedproﬁles found in our previous investigatioh$! The channel
by is divided into a narrow ionization layer attached to the an-
ode and a long acceleration region. The sonic plane is placed
exp(— &/T), 17 near the downstream edge of the ionization layer where the
—_ ionization rate is just sufficiently high to meet the regularit
where g;p="5x 10 .20 m’ and.vte: 8T/(mme) |s_tk_1e elgc- condition for a sr:moth sonic trgnsigtjion. The sonic trgnsitioﬁ
tron thermal velocity. We write the electron collisionality as plane at the boundary between the two regions is denoted in
V="Vent Vano» (18  the figure. The narrow, intense ionization layer causes the ion
current to increase to nearly the maximal possible vaaie
full ionization), and results in an acceleration region in
which the plasma is almost completely ionized and acceler-
ates to almost the maximal velocity available by the applied
Ven=Na0enltes Vano™ @pWec (19) voltage. There are almost no neutrals present in the accelera-

where o, is approximated asr.,=27x10 °m?, and tion region.

Bohm diffusion is the anomalous diffusion mechanism, the  Figure 2 shows the profiles of the flow parameters in the

Bohm parameter is chosen to bg= 1/80. case of a backflow towards the anode. The division into three
Equations(1), (2), (5), (7), and (8) are singular at the distinct regions is apparent in Fig. 2. As pointed out by

sonic velocity, but admit regular solutions in which there is aAhedoet al,' in addition to the ionization and acceleration

smooth acceleration to supersonic velocities towards theegions there is a third region, a long diffusion region adja-

cathode. We find such regular solutions that satisfy theent to the anode that includes an anode presheath, with a

1+

€j
B=ve0i0 (1t e/T)2

wherev,, is the electron—neutral collision frequen@yy,, is
the anomalous collision frequency, and electron—ion colli
sions are neglected. The collision frequencies are
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FIG. 2. Calculated profiles of flow variables in the Hall thrugien backflow case The values of the parameters are as those in Fig. 1. Denotgd ke
location of the sonic transition.

slow ion backflow, a low electron temperature and a weakThe total efficiency becomes, therefore, the current utiliza-
electric field. In contrast to the case shown in Fig. 1, thetion that turns out to be
electric potential in Fig. 2 is nonmonotonic and the ion ve- = 1/] (24)
locity in the diffusion region is negative; the ions flow to- o= e D
wards the anode. In this second case the narrow, intense iowhereJp,=m;Sj,/(em). Numerically, in the first case the
ization causes all the gas to be ionized and to experience rormalized discharge current density and the total efficiency
maximal acceleration in the acceleration region, as it does iare found to be J5=1.2051 and 7,=0.8035=1/p
the first case, but also causes a sharp drop of the electrorn0.8298. In the second case the normalized discharge cur-
temperature anodewise. The intense ionization results, thereent density and the total efficiency alg=1.3272 andyp
fore, in the ionization layer being bounded by a low tempera= 0.7303=1/J5=0.7534. In none of these two cases does
ture region at the anode side and a region with no neutrals e efficiency attain its maximal value. In the first caseis
the cathode side. nonzero T,=12.82 eV), while in the second cagg; is

In both cases shown in Figs. 1 and 2 the intense ionizanonzero (,;=—2.208emSm=0.1905 Alcm).
tion and the assumption of no losses result in all the gas The distinct regions in which different processes are
being ionized, so that dominant allow the derivation of simple relations between
) various flow quantities. In the next section we use the mo-
m (20) mentum and energy balance equations to derive these simple

nvy=<—, . . . . . .

Sm relations which give rise to analytical expressions that enable
or J=mSj /(ef)~1 at the edge of the narrow ionization us to predict the main fgatures of the flow and the thruster
layer, and performance, as a function of the control parameters.

7m=1. (21 IV. ANALYTICAL EXPRESSIONS
Also, the ions are being accelerated by the full applied volt- As we have seen in the numerical examples presented in
age, so that Figs. 1 and 2, at the limit of intense full ionization with no
wall losses the channel is composed of a narrow ionization
vi(z=L)=vy (22)  Jayer and an acceleration region, while when there exists an
and ion backflow, the backflow region is located between the
anode and the narrow ionization layer. The electron and ion
7e=1. (23 current densities are constant except across the narrow ion-
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ization layer. In the acceleration region the electron current 1 m Me . L
density equals the density of the electron current emitted g gVo="g Jec| dzvg. (29
from the cathodg.c, and, following Eq.(20), we approxi- “peak

mate the ion flux in the acceleration region as the atom fluin the case that the ion velocity at the anode is zero this
injected at the anode. Following E@2) we assume that the relation determine$.c, and therefore, the cathode current,
ions are accelerated by the full applied voltage. We, therethe discharge current and the efficien@ssumingvy is
fore, write for the acceleration region known). The electron temperature at the anode is still not
determined by the momentum balance.
(25) We turn now to analyze the region between the anode
and the peak of the potential. Whenever the peak of the
n-Potential is not located at the anode there is a backflow. In
the region of the backflow, the flow is subsonic except at the
anode itself. It is, therefore, a good approximation to neglect
the ion momentum and to write the integrated form of Eq.
(5) as a balance between the magnetic field pressure and the
e particle pressure

o m
Je=lecs nvizﬁa vi(z=L)=vy.

We first derive approximate relations from the mome
tum balance relationgEq. (5)]. These approximate relations
are similar to those derived in Ref. 11, but allow a nonuni-
form v4. Later, additional approximate relations will be de-
rived from the energy balance equations.

By integrating Eq(5) across the acceleration region, w
obtain Zpeak

me.
(NDhpear (NTa="on | 20, (30

m me . L
§UO_(nT)peak:?]eCf dzvy, (26) )
Zpeak or, employing Eq(28), as

where z,.. denotes the location of the potential peak and 4 Mo (Zpeak
(NT)peakis the electron pressure at zpe,. The potential ggvo—(nT)AZ?JeAJ'O dzvy. (3D
peak is located inside the ionization layer. Since the ioniza-
tion layer is narrow, it is a good approximation to assumejn writing this form we assume that the region of ionization
that je=jec throughout the region of integration and not of the backflow is a small part only of the whole backflow
only in the acceleration region. The electron pressure at thgegion. Therefore, we assumed that the electron current den-

cathode (T)c is neglected since sity along most of this region i$., the electron current
m density at the anode. We can express the electron currents by
(nT)c<§vo- (270 the discharge current densify , the backflow ion current

densityj,; and the gas mass flow rate per unit anes, as

The ion velocity at the potential peak inside the ionization em

layer is assumed zefsince, as mentioned above, we neglect  jo.c=jp— Sm jea=Iip—Ibf> (32

the small velocity of the gas atomsTherefore, Eq.(26) m

relates the plasma momentum at the channel exit to th@here Eq.(20) was used. The backflow currepy; is zero in

change along the channel of the total presstive sum of the  the case of zero ion velocity at the anode and negative in the

particle pressure and the magnetic field pressimethe case  case of a backflow. In the absence of a backflow, the peak of

in which the ion velocity at the anode is zeme= 0, while  the potential is located at the anode,T),= (4/5)Mv,/S,

in the case of a backflow,e, is somewhere between the and Eq.(31) is trivially satisfied.

electrodes. Adding Egs.(26) and (30) we obtain an approximated
For the derivation of the second relation we use the folform of Eq. (6)

lowing: In the acceleration region the ion and electror; fluxes o o . o )

are constant. Equation§2) and (8) then yield myv{/2 m- Me . peak Me .

+5T/2=ed, . At the sonic transition, that occurs at the edge svo=(NDat g JGAL dzvgt "glec ZpeadeVd.

of the ionization regio;*°m;v 2/2=5T/6 (quantities at the (33

o Ao pr':;‘;;‘:ein‘:g”t‘;tgdaggvtgeeSﬂgﬁﬁp'sigTZ; The thrustthe left hand side of Eq33) multiplied by §] is
g P d Y the maximal possible thrust and is determined by the mass
. _flow rate, the ion mass, and the applied voltage. This thrust is

requires that ionization there is not zero, the sonic transitiorrt:he sum of contributions from the plasma pressure at the

has to occur close to the ionization layer, ang(mivi2 anode anq Fhe magnetic field force. ice th
FT)= (NT) e Substituting  ny=m/(Smo.) = 2/ Examining Eqs(29), (31), and(32) we notice that even

. . . if v4 is known there are still four unknowns in these two
Smu,) and Miv?+T).=(4/5)ed, into this last equation d’ o -
§’ierlglsot)he sou(ght-laftezsse((:ongl rﬁfation | equationsZpea; Jp» jbr, and (1T)a. In addition to the mo-

mentum balance, energy balance has to be used in order to

4m enable us to determine the values of these unknowns. Energy
(NT)pea=g g Vo- (28)  balance is also necessary in order to estimate the electron
temperature at the anode in the case of a zero ion velocity. In

Combining Eqs(26) and(28) we obtain the relation the following we turn to an analysis of the energy balance.
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We assume that the ion “heating” due to ionizatighe
right hand side of Eq(9)] is small. Integrating Eq(9) along
the channel yields

mnv
2

5
2

+ =NveT +Nva€ + jp¢d=const. (39

E=

Let us write the expressions for thg at several locations:

At the cathode, at the anode, and at the peak of the potential.

For writing I'g at the cathode we employ in the first term of
the expressioii34), Egs.(25) and(23), and neglect the sec-
ond term sincerl at the cathode is much smaller tharx; .
The energy flux density at the cathode, where 0, turns
out to bel'g c=m/(Sm)(epa+ aj€).

At the anode the potential 8= ¢, while the ion veloc-
ity is either zero(in the absence of a backflowr finite but
small (in the presence of a backflopwin both cases we ne-
glect the first term in the expressidB4) since mivf/2 at
the anode is much smaller tham;e;. Employing (32)
we express the energy flux density at the anodd’ag
= (5/2)(] bf_j D)TA/e+ J bf&j€j /e+ J D¢A . We Write the
equalityl'g c=T"g 5 in the form

Jbf
— i€+
e

)

m .
> = AT ﬁ(e‘ﬁA"’aifi):JD(bA-

(39

Analysis of the steady-state axial flow in the Hall thruster 4369

For convenience we write the governing equations, Egs.
(29), (31, (35—(37), in the following dimensionless form:

=(Jp—1F(1-f1), (39
§ = Pa=(Jp—Jpy)Ff, (39
5(Jp=Jp) Tt (L+E) —IpE =Jp, (40)
Jp(1— gTN,peal\):(1+E|)n (41)
and
NN, peak™ g—l- (42)
’ TN|peak
We used the definitions:
f dzme Yo lefzpeakdz%ﬁ,
m; vy’ Flo m; vg
@€ T nvoSmM
E=—, Ta=—r) N\=—u— 43
| ed)A N e¢A N m ( )
and
_(NT)AS jprSmM
A= T T e 49

In Egs.(38)—(42) Jp, b, Tnpeake Th,A» Pas NN peak@ndf
are functions of~ andE, . The efficiency is

The equation in this last form states that in the ideal case

with no losses the power applied to the thruster is used for

ionization[ (M/Sm) a;¢; for the gas that is accelerated to-
wards the exit, and-j,a;€; /e for the gas that flows back-
wards towards the anojgm/Sm)ed¢, for acceleration to-
wards the exit, and-(5/2)(j,s—jp)Ta/e for heating the
electrons to the temperature at which they reach the anode,

We can also estimate the plasma density and the electron
temperature at the peak of the potential. The peak of th
Q
backflow, or inside the ionization layer having a value

potential is either located at the anode, in the absence

slightly aboved¢,, in the presence of a backflow. We ap-
proximate for both casegpc.=®a. The ion velocity and

_ 1
7]D_JD

The quantityF is not specified by the input parameters only
since v4 may depend on the electron—neutral collisions,
which depend on the neutral density. Formally, this would
fhean that~ depends on the unknowly; .

There are five governing equations for seven unknowns.
?-flowever in the two special cases we address here further

approximations can be made that reduce the number of un-
knowns.

(45)

the ion flux are zero at the location of the potential peak, so

that the discharge current there is carried by the electron: Z€ro ion velocity at the anode

only, (Nve)pea= — /€. We denote the electron temperature  |n the case of zero ion velocity at the anode the peak of
there asT = Tpear, Which, in the case of no backflow, is equal the potential is located at the anode. We, therefore, specify
to T, the anode temperature. Substituting these values mt@ «a= 0. Also, all ions move towards the cathode, and there-
Eq.(34), we obtainl'g pea= — (5/2) (o /€) Tpeakt ip Pa - We forejbf=0. In the dimensionless equations we write

can writeI'g ¢ =T"g peakin the form
P f=0, Tnpea=Tnas Pa=%, Jpi=0. (46)

Examining these relations and E(Q) we observe that 4/5 of
the thrustmvy are a result of the plasma pressure at the
anode and 1/5 only is a result of the magnetic field force. The
increase of the efficiency due to the increase of the magnetic
field intensity is achieved by reducing the current that gen-

5JD

m
2 e Tpeak"’]D‘f’A Sm - (edataje). (36)

This equation determinéB,e.x, oncejp is found. Using Eq.
(28) we express the plasma density at the potential pgal

as o
erates the magnetic field force.
(nT)peak 4m v, Equations(38), (41), and (42) become the governing
Npeak™ (87)  equations for the unknowrly , Ty 4 = T peaks @NANN, peak:

Tpeak 5 S Tpeak

In this case the thin ionization layer is located in the vicinity
of the anode and the integration in E§8) spans the entire
channel length. Equatio(B89) is trivially satisfied. Writing
the dimensional energy balance equatid6) in the form

We note that in the case of no backflow E85) is reduced
to Eq.(36), so thatT pea= Ta, andnyeqis the plasma den-
sity at the anode.
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m 5_ o _.
ﬁ(ed’AJ"aifi)_F >Tag =loda, (47)
we notice that the electric energy that is dissipated in the
thruster is invested in ionizing and accelerating the propel-
lant, and, in addition, part of the electric energy ends up as

Cohen-Zur et al.

B. Backflow towards the anode

In the case of a backflow

4 1m

Ta<aje, (nT)A<(nT)peak:§ §UO- (58

thermal energy of the electrons that reach the anode. Thexamining these inequalities and Eg3) we find that in this
energy loss in this case is a result of excess electron heatingase of a backflow the net thrustv, is imparted by the

In fact, by dividing Eq.(47) by jp¢$, we can write it as

b= 7]D,max( 1

where

5 Ty
2 epp

: (48)

1

oM 1 e [(edn) (49

The maximal efficiency is obtained whén=0.
Let us express these quantities in termg-cdnd E,

magnetic field force only. The plasma acquires this thrust in
the acceleration region, (15 o by the magnetic field force
and (4/5ynv by force due to the plasma pressure. However,
as seen in Eq31), in the backflow region there is a balance
between the plasma pressure and the magnetic field force,
each one of them equals (418, the plasma pressure to-
wards the anode, while the magnetic field force is directed
towards the exit. The net contribution to the thrust ends up
being due to the magnetic field force only.

Employing Eq.(58) we write Eq.(35) in the form

m Iy .
T _2 1—5FE|) 50 Sm(e¢A a;€) e ai€=]pPa (59
epn 5| 1+5F )’ We notice that the electric energy that is dissipated in the
) thruster is invested in ionizing and accelerating part of the
NA=Npon= 4 m 1+5F ) (51) propellant towards the exit, and, in addition, in ionizing the
Peat TveSm | 1-5FE, )’ part of the propellant that backflows towards the anode. The
1 energy loss in this case is a result of excess ionization. In
Jo=1+ = (52) fact, we can write the last equation as
= 4 b (60
and 770 = 71D, ma e(f)A—I— a; Gi(l_be) '
np=1— ! . (53) — 1 (62)
1+5F 77D, max 1+E,"

The maximal efficiency is obtained whénhas its maximal
value

The maximal efficiency is obtained whdg;=0.
Upon approximatind®, and Ty 4 by zero in the govern-
ing equationd Egs. (38)-(42)], we are left with five equa-

1 . .
F=F o= . (54)  tions for the five unknowndp , Jps, Ty peaws NN peak@ndf.
SE Let us express these quantities in term$-cdnd E,

Then o 4EI 6
T, T 175E, (62
_:0, Np— >, ‘]D:‘]D,min:1+ E| y
eda , o, 1 1¥5E .

. o =L BE E (1T E)” 63
D= D,max~ ] 1 E. - (55
! T B 2.beE_2(1+5E,)—5FE,(1+E,)

On the other hand, when N.peak™ 5 Jp ~' 5 (1+5E) +5F(1+E) ;64)
F—0 (56)

Jo

the various parameters obtain the values NN, peak= — 4 JoiEs
T T 2 m  5F(1+E,)+(1+5E
—Aﬁ(—“ =z, Ma—d—e—=2n, =4 GrE) ISR (65
e¢A e¢A max 5 Uosm Uosm (1+5E|)_5FE|(1+E|)

1 1+5E
Jp—®, 7p—0, (57 Jp=1+ = [ , 66)
whereng is the plasma density at the sonic transition plane, '

as found above. and
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., 1+5E,
T T 5F(1+E,)+ (1+5E,)

The value off is independent of the value &, at the limit

of intense full ionization, the location of the ionization layer ~
does not depend on the intensity of the magnetic field. This is 90
because, for a specified magnetic field profile, mass flow rate <

and applied voltage, the magnetic field force exerted on the

plasma does not depend on the intensity of the magnetic 100
field. This is discussed further in the next subsection.

The maximal efficiency is obtained whénhas its maxi- . : . - :
mal value 100 200 300 400 500 600

1 1+5E, 0
F= Fmax:_ . (68) . . .
5E, 1+E, FIG. 3. Contours of equdly in the (¢,— B,) plane(zero ion velocity at the

Then anode.

_ Tpeak_ _ _ - . .
Jpi=0, eTSA_O’ Npeak—*,  Jp=Jp,mn=1+E, the same thrust level and efficiency, at a specific applied

voltage, the magnetic field intensityelated to the value of
1 F) is expected to be higher when ion backflow is present.

D= D,maxT I 69 This result is exhibited in the contour maps presented shortly.
As seen in Eqs(57) and (71), when the magnetic field
On the other hand, when intensity is lower and= approaches zero, the discharge cur-
F—0, (70) rent grows asymptotically to infinity. At a constant applied
th . i btain th | voltage the power needed to accelerate the ions is constant.
€ various parameters obtain the values The excess electrical power applied to the thrugtae to the
Toeak [ Tpeakl 2 higher discharge currenis deposited in a finite thermal en-
Jp— =, - T g ergy of the electrons that reach the anode=@/5 e¢, for
epa \eda/ . . . : .
each electronin the first case, or is used for the generation
through ionization of backflow ions €; for each ionin the
”peak_’4UOSm =2ns, Jp—=, 7p—0. (7)) second case. Since the number of electrons that reach the

) ) _ ) anode in the first case and the number of backflow ions in the
In the next subsection we summarize the differences in thrusfecond case grow with the increasing discharge current, the

and efficiency between the two cases.

C. Comparison of thrust and efficiency for the two
cases

fraction of power that is not used for thrust generation grows
and the efficiency decreases. These results will be demon-
strated in the next section as well.

The limit of intense full ionization with no losses is char-

acterized by a thrushv o that is determined by the mass flow V. APPLICATION OF THE ANALYTICAL RESULTS

rate and the applied voltage and is independent of the inten- . )
sity of the magnetic field. The relative contribution of the !N order to show the explicit dependence of the approxi-

magnetic field force to this thrust has fixed values, 1/5 wherhat€d analytical results on the magnetic field intensity and
the ion velocity at the anode is zefthe other 4/5 is due to " the applied voltage we need to specify the formvef In

particle pressupe and a unity when a backflow existghe
thrust is imparted completely by the magnetic field force
Since these fractions are fixed, increasing the magnetic field
intensity for fixed values of mass flow rate and applied volt- 300
age does not increase the exerted magnetic field force; rather
it results in lowering the azimuthal electron current in the -~
plasma that is required for providing the fixed value of mag- 90
netic field force for each case. This lower azimuthal current R
and the associated lower discharge current correspond to a
higher efficiency.

Comparing the two cases we find that the minimal dis-
charge current and the maximal efficiency are the same. - - - - -
However, the value oF required to achieve a certain effi- 100 200 308 (\;‘)00 500 600
ciency is lower in the case of zero ion velocity at the anode, A
which is consistent with the fact that the thrust in this case is, 4. contours of equal thruster efficieney, in the (¢5—B,) plane
only partially due to the magnetic field pressure. Thus, for(zero ion velocity at the anojle
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300
o 200
=2
Q
100
100 5

300 4(I)0
9, (V)

100 200 500 600

FIG. 5. Contours of equal electron temperature at the arigdén the
(¢a—By) plane(zero ion velocity at the anogle

large domains of the parameter spagg,> v.,. Neglecting
Ven IN the expression fowy simplifies the analysis, since
then the value ofyy is determined by the magnetic field
intensity only. Although this approximation of neglecting,
fails when the neutral density is higfor example, when the
backflow towards the anode is lajgeve do make this ap-
proximation in the following presentation of the analytical
results, so that

wg

Vyg= = 80wc . (72)

Vano
Therefore, the value df is determined by the magnetic field
profile B(z) and by ¢a .
For the magnetic field profilEEq. (16)] and for the same
values ofz,,, L,,, andL as in Sec. Il F takes the form

1/2] L
erf

=)

(73

_Zm

F=40JmBoL, 3
m

- erf(

2¢am;
=155, 2,

where erf denotes the error function. Also, for the values of

a; ande; as taken above for xenok, becomes
E_ 30
N

In the last two equationB, and ¢, are expressed in Tesla
and in \olts. By specifying the values @&, and ¢, we

(74

110
112
300
g 1.16
~ 9
O 200} \M/.
=2
Sa]
100 f 14
1.8
/[l 2§
100 200 300 400 500 600
o, (V)

FIG. 6. Contours of equalp, in the (¢,—Bg) plane(ion backflow casge
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0.91-
300 0.90
Q§:§' 0.88
o~ &
200
9 0.86
mo 0.8
100 0.7
0.6
0.4
100 200 300 400 500 600
9, (V)

FIG. 7. Contours of equal thruster efficiengy in the (¢,—B,) plane(ion
backflow casg

determine the values &f and ofE, . For the case of zero ion
velocity at the anode we calculate, using E&9), (52), and
(53), the values oflp, 7p, andTa/e¢,. Figures 3—5 show
the contour lines of these quantities in thg,(— Bg) plane.
The line of TA=0 bounds the region in the plane in which
solutions exist. For the case of a backflow we calculate, us-
ing Egs.(62), (63), (66), and(67), the values of, Jy¢, Jp,

and 7y . Oncef is found, we can calculate the location of
the ionization layez,e, via

Zpeak_
20

The quantityf (and therefore, alsp,e,y) is a function of the
applied voltagep, only and is independent @&,. Figures
6—8 show the contour lines df,, 7p, andJy; in the (¢4
—Byp) plane. Figure 9 shows,.,.as a function ofp, . As can

be seen in the figure, the location of the ionization layer
moves towards the anode as the applied voltage increases.
The line J,;=0 bounds the regions in the plane in which
solutions exist.

As can be seen in Figs. 3 and 6 the discharge cutdignt
decreases &3 is increased or ag, is decreased. Formally,
this decrease expresses the decreask, ofith the increase

of F. Physically, this is because a higly and low azimuthal
current(that result in a lowdp) provide the same magnetic
field force and thrust as do a loB, and high azimuthal
current(that results in a highp). Wheng¢, is decreased for

1

f=0.55:{erf +0.84%. (75)

300

300 400 500 600
9, (V)

100 200

FIG. 8. Contours of equal ion backflow current dengily;| in the (¢
—B;) plane(ion backflow case
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40

2, ()

pea

300 400 500 600
0, (V)

100 200
FIG. 9. The location of the peak of the potentigl,,as a function of the
applied voltagep, .

a fixed mass flow rate the thrust is decread@etause g is
decreased and therefore for the sani®, a lower azimuthal
current (that results in a lowedp) is needed in order to
provide the smaller required magnetic field force.
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charge current is measured as a function of the magnetic field
intensity for a constant applied voltage. In most cases, such
as in the Soreq laboratory model Hall thrustéf,the dis-
charge current does indeed decrease as the magnetic field
intensity is increased until a minimal discharge current is
obtained. Further increase of the magnetic field intensity re-
sults in severe discharge current oscillations which drasti-
cally reduce the thruster efficiency and pose an upper limit
on the magnetic field intensity at which a steady state opera-
tion is still possible. Furthermore, as the analytical model
predicts, the maximal magnetic field intensity, i.e., the inten-
sity yielding the minimal discharge current, increases as the
applied voltage is increased.

A comparison of the analytical and the numerical results
is presented in Fig. 10. Shown alg, 7¢, Tpeaw andJys as
a function of the magnetic field intensitg,, for a fixed
value of the applied voltaged(,=300 V). The comparison
is made for the two cases: Zero ion velocity at the anode and
an ion backflow. The numerical results exhibit the same
trends as do the analytical results. The analytical model pre-

Although the neglect of wall losses in our model pre-dicts a somewhat higher efficiency than the numerical calcu-
vents a quantitative agreement between the model predidation does. The small discrepancy is a result of the neglect
tions and the experimental results, the general Hall thrusten the analytical model of the finite thickness of the ioniza-
behavior predicted by the analytical model corresponds wellion layer and of the finite electron and ion energies at the
to the behavior of experimental thrusters. The analyticaBnode in the backflow case. The analytical model also pre-
model predicts that the discharge current decreases with irtlicts a lower value 0B, for achieving a certain efficiency
creasing magnetic field intensity until a maximal magneticand, consequently, a lower maximal possible valueBgf
field intensity is reached, beyond which no steady state sofhis is also a result of the neglect of certain losses in the
lution exists. In a typical Hall thruster experiment the dis-analytical model. Generally, the comparison between the

1.8

1.6

1.4

1.2

0 100 300 400

60

40

T (V)

pea

20

0 100 200 300 400
B, (G)
6
4 -
RS
’:»Q
2 -
0 1 1
0 100 200 300 400
B, (G)

FIG. 10. A comparison of analytical and numerical results for both zero ion velocity and ion backflow at the anode. The values of the pararSeters are:
=45 cnf, L=50 mm, ;=20 mm, L,,=20 mm, m=5.32 mg/s, $»=300 V, «;=2.5. Zero ion velocity at the anode: Analytical prediction—dashed,
numerical calculation—plus signs. lon backflow: Analytical prediction—solid, numerical calculation—circles. The qlignfity the temperature at the peak

of the potential and not the peak of the temperature.
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analytical and the numerical results exhibits a fairly goodSport(through the Israel Space Agen@and by a Grant No.
agreement, demonstrating the usefulness of the analyticQB00145 from the United States-Israel Binational Science
model in guiding more elaborate models. Foundation(BSF), Jerusalem, Israel.
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