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Analysis of the steady-state axial flow in the Hall thruster
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Momentum and energy balance considerations are used to analyze the plasma flow in a Hall thruster
at the limit of intense full ionization with no losses. Two cases are examined; one in which the ion
velocity at the anode is zero, and the second in which an ion backflow exists near the anode.
Analytical expressions are found for the current utilization and for the thruster efficiency in each
case. In the first case an expression is also found for the electron temperature at the anode, while in
the second case expressions are derived for the magnitude of the ion backflow into the anode and
for the location of the ionization region along the channel. These dependencies are expressed in
terms of the applied magnetic field and voltage, the mass flow rate, the thruster geometry and the
ionization energy. ©2002 American Institute of Physics.@DOI: 10.1063/1.1508774#
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I. INTRODUCTION

Hall thrusters, a type of electric thrusters that are u
for propulsion of space vehicles,1–3 perform with efficiencies
of more than 50% in the important range of specific impul
of 1500–2500 seconds. There is a substantial interest in
proving the Hall thruster performance in terms of a bet
plume collimation, operation extending to both higher a
lower regimes of power and thrust, and variable thrust. U
derstanding the structure of the plasma flow in the thru
could be useful for accomplishing this task. Our efforts
wards achieving such an understanding have resulted, in
cent years, in the development of a one-dimensional ste
state model of the Hall thruster and in the demonstration
a smooth acceleration of the flow to supersonic velocitie
possible inside the thruster channel.4–7 This work also led to
the suggestion of ways to deliberately generate an ab
sonic transition inside the channel.7 Additional aspects of the
sonic transition have been addressed by other scientists8–10

In a recent one-dimensional analysis of the Hall thrus
at the limit of intense full ionization with no losses Ahed
Martinez-Cerezo, and Martinez-Sanchez11 have identified the
different processes that are dominant in distinct different
gions along the thruster. They performed a numerical ca
lation for a set of parameter values that corresponds to
SPT-100 class thruster12 followed by an asymptotic analysi
in which relations between various flow parameters were
rived. This ideal case results from the assumption of
losses and is characterized by a high electron temperatur
the case of a high enough mass flow rate, the high elec

a!Electronic mail: fnfrucht@hait.ac.il
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temperature causes the ionization to occur only in a nar
layer that is separated from the regions of ion acceleration
a more recent analysis13 Ahedoet al. included losses at lat
eral walls and heat conduction and showed that accoun
for these additional processes makes the division of the fl
into distinct regions less apparent and the electron temp
ture lower. Other theoretical calculations that include w
losses, such as those performed by Makowskiet al.,9 by
Choueiri,14 and by Keidaret al.,15 also showed lower elec
tron temperatures. Despite the not-so-realistic nature of
assumption of no losses the study of this ideal case prov
an insight into the governing processes in the thruster.

Our purpose in this paper is to pursue the investigat
of the Hall thruster at the limit of intense full ionization wit
no losses in order to gain further insight into the physi
processes that govern the flow. Employing momentum
energy balance considerations, we derive analytical exp
sions for the dependence of the flow variables and
thruster efficiency on the profile and intensity of the appli
magnetic field, on the applied voltage, on the mass flow r
on the thruster geometry and on the ionization energy of
propellant.

The calculated flow crucially depends on the ion veloc
specified at the anode. In certain studies the ion velocity w
assumed to be supersonic immediately upon entering
channel.15,16 Since the ionization occurs mostly where th
flow is still subsonic, in our investigation we have usua
chosen the boundary condition that the ion velocity is z
upon entering the channel~at the anode!.4,5,7,9 In contrast,
Ahedoet al., in their analysis mentioned above,11,13have as-
sumed that an electron-repelling sheath exists near the a
and have imposed the requirement that the Bohm conditio17
3 © 2002 American Institute of Physics

 license or copyright, see http://ojps.aip.org/pop/popcr.jsp



um
dy
im

r
th

u
s
a
m
lt
ty
th

th
s

f-
ut
c

th
tia
ul
e
o
e

ca
th

ed
ric
er
ro
s

at
re
v
u
e

a
ss
n

he
om
th
cu

n
ro
a

tic
ri-
e

de
he

e
-
imi-

ion

ma

e
the
s-
a is
eu-

ion

el,
m
out

tum

rtia

t
,

ral
he
-

ur-

ore

4364 Phys. Plasmas, Vol. 9, No. 10, October 2002 Cohen-Zur et al.
be satisfied at the sheath edge. As a result of these ass
tions, they have found, for the first time theoretically, stea
state flows that include a backflow towards the anode, s
lar to the backflow claimed in the past.18,19 Recently, Dorf
et al. have suggested that the existence of a sheath nea
anode and the value of the ion velocity there depend on
applied voltage and the plasma parameters.20 It is still not
clear what the actual ion velocity at the anode is. Witho
resolving this important issue, we examine in our analy
here both possible cases: zero ion velocity at the anode
ion backflow towards the anode. In both cases the assu
tions of intense full ionization and absence of losses resu
the formation of a narrow ionization layer. If the ion veloci
at the anode is zero the ionization layer is attached to
anode, while if ion backflow towards the anode exists
ionization layer is detached from the anode and separate
acceleration region from the backflow region.

At the limit of intense ionization with no losses the e
ficiency is only reduced due to a less-than-unity current
lization. In this ideal case the propellant utilization, the fra
tion of gas that ends up being ionized upon exiting
thruster, turns out to be unity. Moreover, the electric poten
in the ionization layer is close to the anode potential, res
ing in the energy utilization being nearly unity as well. Th
channel cross section is assumed constant at all axial p
tions, resulting in no efficiency reduction due to a plum
diversion. One of our goals is thus to derive an analyti
expression for the current utilization, and therefore, for
total efficiency.

A full current utilization that corresponds to a hundr
percent efficiency, fulfilled when all the dissipated elect
power is used for ion acceleration only, is impossible. A c
tain amount of power has to be dissipated in the elect
current. It heats up the electrons and, consequently, is u
for production, through ionization, of the ions that gener
thrust. This necessary power sink sets a limit on the cur
utilization and on the efficiency. An excess of power abo
that amount, however, results in a further, undesired red
tion of the current utilization and of the efficiency. In th
case of a zero ion velocity at the anode this reduction
expressed in a finite temperature of the electrons that re
the anode. In the second case, the reduction is expre
through the production of an ion backflow towards the a
ode. These ions do not contribute to the thrust, rather t
recombine upon reaching the anode after flowing back fr
the ionization layer. We derive analytical expressions for
electron temperature at the anode and for the backflow
rent.

In Sec. II we present the model. In Sec. III we prese
two flows calculated numerically for the same set of cont
parameters, but for the two different boundary conditions
the anode discussed above. In Sec. IV we derive analy
relations for the two flows, which we compare with nume
cal calculations in Sec. V. The results are discussed in S
VI.

II. THE MODEL

In this section we describe the one-dimensional mo
employed for analyzing the flow in the Hall thruster at t
Downloaded 14 Nov 2003 to 132.77.4.43. Redistribution subject to AIP
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limit of intense full ionization with no losses. Inspired by th
recent results of Ahedoet al.,11 we adopt some of their no
tations and, in the next section, address a problem with s
lar values of the control parameters.

The ion dynamics is governed by the continuity equat

d

dz
~nv i !5

d

dz
~nve!52

d

dz
~nava!5bnna , ~1!

and by the momentum equation

d

dz
~minv i

2!52en
df

dz
, ~2!

wheren andna are the densities of the quasi-neutral plas
and neutral gas;v i , ve , and va are the ion, electron, and
neutral average velocities in thez direction;e andmi are the
ion charge and mass, andf is the electrostatic potential. W
assume that the main variation in the coaxial geometry of
thruster is alongz, the axial coordinate. The ions are a
sumed cold, collisionless and unmagnetized. The plasm
generated by ionizing collisions between electrons and n
tral atoms at a rate per unit volumebnna , where b
[^sv&, s being the ionization cross section and the notat
^ & represents averaging over the distribution function ofv,
the electron velocity. In writing Eq.~1! we assumed that the
cross section of the thruster is uniform along the chann
while in writing Eq. ~2! we neglected the small momentu
of the neutrals. We make these two assumptions through
the paper. The axial component of the electron momen
equation is

05en
df

dz
2

d~nT!

dz
2 j uB, ~3!

whereT is the electron temperature,j u is the electron azi-
muthal current density,B is the intensity of the approxi-
mately radial applied magnetic field, and the electron ine
is neglected. Adding Eqs.~2! and~3!, we obtain the momen-
tum balance equation

d

dz
~minv i

21nT!52 j uB. ~4!

The particle total pressure~the term in brackets on the lef
hand side of the equation! is changed by the external force
which is the magnetic field force only. In the quasi-neut
plasma the net electric field force is negligible relative to t
net magnetic field force. From theu component of the elec
tron momentum equation we obtainj uB52mendj e /e (nd

[vc
2/n). Hereme , vc , n and j e[2enve are the electron

mass, cyclotron frequency, collision frequency and axial c
rent density. It is assumed thatn!vc . Employing this last
relation we obtain the momentum balance equation in a m
useful form

d

dz
~minv i

21nT!5
mendj e

e
. ~5!

Integrating Eq.~5! along the thruster we obtain
 license or copyright, see http://ojps.aip.org/pop/popcr.jsp
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~minv i
2!C5~minv i

2!A1~nT!A2~nT!C1E
A

C mendj e

e
dz.

~6!

The net thrust@the left hand side of Eq.~6!# is the sum of
thrust due to the ion backflow that impinges on the ano
the difference between the particle pressure at the two e
of the thruster and the magnetic field force exerted on
plasma. Here the subscriptsA andC denote the values of th
quantities at the locations of the anode and the cathode
spectively.

From Eq.~1! it follows that the sum of the ion and atom
fluxes is uniform along the channel. This sum is

~nv i1nava!S5
ṁ

mi
, ~7!

where ṁ is the mass flow rate andS is the channel cross
section. In this paper we assume thatva is uniform in the
channel, and therefore, Eq.~7! determines the value of th
varying neutral densityna along the channel as a function o
the varying ion flux densitynv i .

The equation that governs the evolution of the elect
enthalpy is

nve

d

dzS 5

2
TD5enve

df

dz
2bnnaS a ie i1

5

2
TD , ~8!

where e i is the ionization energy anda ie i is the average
energy cost for ionization. Generallya i is a function of the
electron temperature and decreases whenT increases, ex-
pressing the fact that a larger fraction of the electron inela
collisions end up in ionizations and a smaller fraction
excitations.21 Wall losses, recombination and heat conduct
are neglected in the ideal case we assume here. Multipl
Eq. ~2! by v i and adding the resulting equation to Eq.~8!, we
obtain an equation for the total energy balance:

d

dzS minv i
3

2
1

5

2
nveT1nv ia ie i1 j Df D 52bnna

miv i
2

2
,

~9!

where j D5en(v i2ve) is the discharge current density.
We do not calculate the evolution of the flow beyond t

cathode, nor do we allow a varying cross section of
plasma flow. Rather, we restrict ourselves to the analysi
the assumed constant-cross-section flow between the a
located atz50 and the cathode~that coincides with the exi
plane! at z5L. The boundary conditions that we specify a
the electron temperature at the exit plane~which is the tem-
perature of the electrons emerging from the cathodeTC), the
potential drop between the anode and the cathode~the ap-
plied voltagefA), and the ion velocity at the anodevA

T~z5L !5TC ; f~z50!5fA , f~z5L !50;

v i~z50!5vA . ~10!

We also require that there be a smooth acceleration to su
sonic velocities towards the exit. The result of imposi
these requirements is that the electron current emitted f
the cathode~or the discharge current! is determined as an
eigenvalue.4,5,7
Downloaded 14 Nov 2003 to 132.77.4.43. Redistribution subject to AIP
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As mentioned above, we are interested in two cases.
the first case we assume that the ion velocity at the anod
zero

vA50. ~11a!

For the second case, we adopt the assumption tha
electron-repelling sheath exists near the anode. We solve
quasi-neutral equations up to the edge of the sheath.
sheath is assumed to be narrow, so that the ion velocity a
anode is taken as the Bohm~ion acoustic! velocity towards
the anode

vA52cs[2A 5T

3mi
, ~11b!

and the potential at the anode is taken as the sheath pote
fsh abovefA

f~z50!5fA1fsh, ~12!

where

fsh5
TA

e
lnSA 3mi

10pme

j b f

j eA
D . ~13!

HereTA5T(z50) is the temperature at the anode that is n
specified but rather solved for,j b f is the ion current density
at the anode~the backflow current density!, and j eA is the
electron current density at the anode.

Once the flow parameters are calculated the efficie
can be determined. The total efficiencyhD is the product of
the propellant utilizationhm , the energy utilizationhE , and
the current utilizationhC

hD5hmhEhC , ~14!

where the various utilizations are defined as

hm[
miS ji~z5L !

eṁ
, hE5Fv i~z5L !

v0
G2

,

hC5
j i~z5L !

j D
. ~15!

Here j i5env i is the ion current density andv0

[A2efA /mi .

III. TWO NUMERICAL EXAMPLES

In this section we calculate the flow for which the valu
of the control parameters correspond to an SPT-100 c
thruster.12 The axial profile of the magnetic field, the depe
dence ofb on the electron temperature, the electron co
sionality anda i have the same forms as in Ref. 11. F
simplicity we assume a flow of a constant cross section
which no plume develops. The calculation demonstrates
features of the plasma flow at the limit of intense ionizatio
features that are exhibited in the next section by the ana
cal results.

The distance between the anode and the cathodeL
550 mm and the assumed constant cross section of
channel isS545 cm2. The magnetic field is assumed t
point in the radial direction and to have a dependence on
axial coordinate in the form
 license or copyright, see http://ojps.aip.org/pop/popcr.jsp
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FIG. 1. Calculated profiles of flow variables in the Hall thruster~zero ion velocity at the anode!: S545 cm2, L550 mm, zm520 mm, Lm520 mm, ṁ
55.32 mg/s,fA5300 V, B05120 G, a i52.5. Denoted iszs , the location of the sonic transition.
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B5B0 expF2
~z2zm!2

Lm
2 G , ~16!

with zm520 mm andLm520 mm. This form of the suppos
edly curl–free magnetic field is only approximate. The ma
netic field intensity as a function ofz is shown in Figs. 1~i!
and 2~i!.

The propellant is Xenon with ionization energye i

512.1 eV, anda i is taken as a constant,a i52.5. The de-
pendence ofb on the electron temperature is approximat
by

b5v tes i0F11
e i /T

~11e i /T!2Gexp~2e i /T!, ~17!

wheres i055310220 m2 and v te5A8T/(pme) is the elec-
tron thermal velocity. We write the electron collisionality a

n5nen1nano , ~18!

wherenen is the electron–neutral collision frequency,nano is
the anomalous collision frequency, and electron–ion co
sions are neglected. The collision frequencies are

nen5nasenv te , nano5aBvc , ~19!

where sen is approximated assen527310220 m2, and
Bohm diffusion is the anomalous diffusion mechanism,
Bohm parameter is chosen to beaB51/80.

Equations~1!, ~2!, ~5!, ~7!, and ~8! are singular at the
sonic velocity, but admit regular solutions in which there is
smooth acceleration to supersonic velocities towards
cathode. We find such regular solutions that satisfy
Downloaded 14 Nov 2003 to 132.77.4.43. Redistribution subject to AIP
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e

boundary conditions~10! by numerically integrating the
equations from the sonic transition plane towards both an
and cathode, as described in Refs. 4, 5, and 7. The value
the control parameters in the numerical examples areṁ
55.32 mg s21, fA5300 V, B05120 G, andTC52.7 eV.

In Figs. 1 and 2 we present the calculated profiles of
flow variables for the two sets of boundary conditions. F
ure 1 shows the profiles of the flow parameters in the cas
zero velocity at the anode. These profiles are similar to
profiles found in our previous investigations.4,5,7The channel
is divided into a narrow ionization layer attached to the a
ode and a long acceleration region. The sonic plane is pla
near the downstream edge of the ionization layer where
ionization rate is just sufficiently high to meet the regular
condition for a smooth sonic transition. The sonic transiti
plane at the boundary between the two regions is denote
the figure. The narrow, intense ionization layer causes the
current to increase to nearly the maximal possible value~at
full ionization!, and results in an acceleration region
which the plasma is almost completely ionized and acce
ates to almost the maximal velocity available by the appl
voltage. There are almost no neutrals present in the acce
tion region.

Figure 2 shows the profiles of the flow parameters in
case of a backflow towards the anode. The division into th
distinct regions is apparent in Fig. 2. As pointed out
Ahedoet al.,11 in addition to the ionization and acceleratio
regions there is a third region, a long diffusion region ad
cent to the anode that includes an anode presheath, w
 license or copyright, see http://ojps.aip.org/pop/popcr.jsp
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FIG. 2. Calculated profiles of flow variables in the Hall thruster~ion backflow case!. The values of the parameters are as those in Fig. 1. Denoted iszs , the
location of the sonic transition.
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slow ion backflow, a low electron temperature and a we
electric field. In contrast to the case shown in Fig. 1,
electric potential in Fig. 2 is nonmonotonic and the ion v
locity in the diffusion region is negative; the ions flow to
wards the anode. In this second case the narrow, intense
ization causes all the gas to be ionized and to experien
maximal acceleration in the acceleration region, as it doe
the first case, but also causes a sharp drop of the elec
temperature anodewise. The intense ionization results, th
fore, in the ionization layer being bounded by a low tempe
ture region at the anode side and a region with no neutra
the cathode side.

In both cases shown in Figs. 1 and 2 the intense ion
tion and the assumption of no losses result in all the
being ionized, so that

nv i.
ṁ

Smi
, ~20!

or J[miS ji /(eṁ).1 at the edge of the narrow ionizatio
layer, and

hm.1. ~21!

Also, the ions are being accelerated by the full applied v
age, so that

v i~z5L !.v0 ~22!

and

hE.1. ~23!
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The total efficiency becomes, therefore, the current utili
tion that turns out to be

hD.hC.1/JD , ~24!

whereJD[miS jD /(eṁ). Numerically, in the first case the
normalized discharge current density and the total efficie
are found to be JD51.2051 and hD50.8035>1/JD

50.8298. In the second case the normalized discharge
rent density and the total efficiency areJD>1.3272 andhD

50.7303>1/JD50.7534. In none of these two cases do
the efficiency attain its maximal value. In the first caseTA is
nonzero (TA512.82 eV), while in the second casej b f is
nonzero (j b f522.208eṁ/Smi50.1905 A/cm2).

The distinct regions in which different processes a
dominant allow the derivation of simple relations betwe
various flow quantities. In the next section we use the m
mentum and energy balance equations to derive these si
relations which give rise to analytical expressions that ena
us to predict the main features of the flow and the thrus
performance, as a function of the control parameters.

IV. ANALYTICAL EXPRESSIONS

As we have seen in the numerical examples presente
Figs. 1 and 2, at the limit of intense full ionization with n
wall losses the channel is composed of a narrow ioniza
layer and an acceleration region, while when there exists
ion backflow, the backflow region is located between t
anode and the narrow ionization layer. The electron and
current densities are constant except across the narrow
 license or copyright, see http://ojps.aip.org/pop/popcr.jsp
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ization layer. In the acceleration region the electron curr
density equals the density of the electron current emi
from the cathodej eC , and, following Eq.~20!, we approxi-
mate the ion flux in the acceleration region as the atom
injected at the anode. Following Eq.~22! we assume that the
ions are accelerated by the full applied voltage. We, the
fore, write for the acceleration region

j e5 j eC , nv i5
ṁ

Smi
, v i~z5L !5v0 . ~25!

We first derive approximate relations from the mome
tum balance relations@Eq. ~5!#. These approximate relation
are similar to those derived in Ref. 11, but allow a nonu
form nd . Later, additional approximate relations will be d
rived from the energy balance equations.

By integrating Eq.~5! across the acceleration region, w
obtain

ṁ

S
v02~nT!peak5

me

e
j eCE

zpeak

L

dznd , ~26!

where zpeak denotes the location of the potential peak a
(nT)peak is the electron pressure atz5 zpeak. The potential
peak is located inside the ionization layer. Since the ioni
tion layer is narrow, it is a good approximation to assu
that j e5 j eC throughout the region of integration and n
only in the acceleration region. The electron pressure at
cathode (nT)C is neglected since

~nT!C!
ṁ

S
v0 . ~27!

The ion velocity at the potential peak inside the ionizati
layer is assumed zero~since, as mentioned above, we negle
the small velocity of the gas atoms!. Therefore, Eq.~26!
relates the plasma momentum at the channel exit to
change along the channel of the total pressure~the sum of the
particle pressure and the magnetic field pressure!. In the case
in which the ion velocity at the anode is zero,zpeak50, while
in the case of a backflowzpeak is somewhere between th
electrodes.

For the derivation of the second relation we use the
lowing: In the acceleration region the ion and electron flux
are constant. Equations~2! and ~8! then yield miv i

2/2
15T/25efA . At the sonic transition, that occurs at the ed
of the ionization region,4–10 mivs

2/255Ts/6 ~quantities at the
sonic transition plane are denoted by the subscripts). Sub-
stituting this expression into the above equation yieldsTs

53efA/10 and vs5AefA /(2mi)5v0/2. These relations
were also derived in Ref. 11. Since a smooth sonic transi
requires that ionization there is not zero, the sonic transi
has to occur close to the ionization layer, andns(miv i

2

1T)s5(nT)peak. Substituting ns5ṁ/(Smivs)52ṁ/
(Smiv0) and (miv i

21T)s5(4/5)efA into this last equation
yields the sought-after second relation

~nT!peak5
4

5

ṁ

S
v0 . ~28!

Combining Eqs.~26! and ~28! we obtain the relation
Downloaded 14 Nov 2003 to 132.77.4.43. Redistribution subject to AIP
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ṁ

S
v05

me

e
j eCE

zpeak

L

dznd . ~29!

In the case that the ion velocity at the anode is zero
relation determinesj eC , and therefore, the cathode curren
the discharge current and the efficiency~assumingnd is
known!. The electron temperature at the anode is still n
determined by the momentum balance.

We turn now to analyze the region between the ano
and the peak of the potential. Whenever the peak of
potential is not located at the anode there is a backflow
the region of the backflow, the flow is subsonic except at
anode itself. It is, therefore, a good approximation to negl
the ion momentum and to write the integrated form of E
~5! as a balance between the magnetic field pressure and
particle pressure

~nT!peak2~nT!A5
me

e
j eAE

0

zpeak
dznd , ~30!

or, employing Eq.~28!, as

4

5

ṁ

S
v02~nT!A5

me

e
j eAE

0

zpeak
dznd . ~31!

In writing this form we assume that the region of ionizatio
of the backflow is a small part only of the whole backflo
region. Therefore, we assumed that the electron current
sity along most of this region isj eA , the electron current
density at the anode. We can express the electron curren
the discharge current densityj D , the backflow ion current
density j b f and the gas mass flow rate per unit areaṁ/S, as

j eC5 j D2
eṁ

Smi
, j eA5 j D2 j b f , ~32!

where Eq.~20! was used. The backflow currentj b f is zero in
the case of zero ion velocity at the anode and negative in
case of a backflow. In the absence of a backflow, the pea
the potential is located at the anode, (nT)A5(4/5)ṁv0 /S,
and Eq.~31! is trivially satisfied.

Adding Eqs.~26! and ~30! we obtain an approximated
form of Eq. ~6!

ṁ

S
v05~nT!A1

me

e
j eAE

0

zpeak
dznd1

me

e
j eCE

zpeak

L

dznd .

~33!

The thrust@the left hand side of Eq.~33! multiplied by S] is
the maximal possible thrust and is determined by the m
flow rate, the ion mass, and the applied voltage. This thrus
the sum of contributions from the plasma pressure at
anode and the magnetic field force.

Examining Eqs.~29!, ~31!, and~32! we notice that even
if nd is known there are still four unknowns in these tw
equations:zpeak, j D , j b f , and (nT)A . In addition to the mo-
mentum balance, energy balance has to be used in ord
enable us to determine the values of these unknowns. En
balance is also necessary in order to estimate the elec
temperature at the anode in the case of a zero ion velocit
the following we turn to an analysis of the energy balanc
 license or copyright, see http://ojps.aip.org/pop/popcr.jsp
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We assume that the ion ‘‘heating’’ due to ionization@the
right hand side of Eq.~9!# is small. Integrating Eq.~9! along
the channel yields

GE[
minv i

3

2
1

5

2
nveT1nv ia ie i1 j Df5const. ~34!

Let us write the expressions for theGE at several locations
At the cathode, at the anode, and at the peak of the poten
For writing GE at the cathode we employ in the first term
the expression~34!, Eqs.~25! and ~23!, and neglect the sec
ond term sinceT at the cathode is much smaller thana ie i .
The energy flux density at the cathode, wheref50, turns
out to beGE,C5ṁ/(Smi)(efA1a ie i).

At the anode the potential isf5fA while the ion veloc-
ity is either zero~in the absence of a backflow! or finite but
small ~in the presence of a backflow!. In both cases we ne
glect the first term in the expression~34! since miv i

2/2 at
the anode is much smaller thana ie i . Employing ~32!
we express the energy flux density at the anode asGE,A

5(5/2)(j b f2 j D)TA /e1 j b fa ie i /e1 j DfA . We write the
equalityGE,C5GE,A in the form

2
5

2

~ j b f2 j D!

e
TA2

j b f

e
a ie i1

ṁ

Smi
~efA1a ie i !5 j DfA .

~35!

The equation in this last form states that in the ideal c
with no losses the power applied to the thruster is used
ionization @(ṁ/Smi)a ie i for the gas that is accelerated t
wards the exit, and2 j b fa ie i /e for the gas that flows back
wards towards the anode#, (ṁ/Smi)efA for acceleration to-
wards the exit, and2(5/2)(j b f2 j D)TA /e for heating the
electrons to the temperature at which they reach the ano

We can also estimate the plasma density and the elec
temperature at the peak of the potential. The peak of
potential is either located at the anode, in the absenc
backflow, or inside the ionization layer having a val
slightly abovefA , in the presence of a backflow. We a
proximate for both casesfpeak5fA . The ion velocity and
the ion flux are zero at the location of the potential peak,
that the discharge current there is carried by the electr
only, (nve)peak52 j D /e. We denote the electron temperatu
there asT5Tpeak, which, in the case of no backflow, is equ
to TA , the anode temperature. Substituting these values
Eq. ~34!, we obtainGE,peak52(5/2)(j D /e)Tpeak1 j DfA . We
can writeGE,C5GE,peak in the form

2
5

2

j D

e
Tpeak1 j DfA5

ṁ

Smi
~efA1a ie i !. ~36!

This equation determinesTpeak, oncej D is found. Using Eq.
~28! we express the plasma density at the potential peaknpeak

as

npeak5
~nT!peak

Tpeak
5

4

5

ṁ

S

v0

Tpeak
. ~37!

We note that in the case of no backflow Eq.~35! is reduced
to Eq. ~36!, so thatTpeak5TA , andnpeak is the plasma den
sity at the anode.
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For convenience we write the governing equations, E
~29!, ~31!, ~35!–~37!, in the following dimensionless form:

1
55~JD21!F~12 f !, ~38!

4
5 2PA5~JD2Jb f!F f , ~39!

5
2 ~JD2Jb f!TN,A1~11EI !2Jb fEI5JD , ~40!

JD~12 5
2 TN,peak!5~11EI !, ~41!

and

nN,peak5
8
5

1

TN,peak
. ~42!

We used the definitions:

F[E
0

L

dz
me

mi

nd

v0
, f [

1

F E
0

zpeak
dz

me

mi

nd

v0
,

EI[
a ie i

efA
, TN[

T

efA
, nN[

nv0Smi

ṁ
~43!

and

PA[
~nT!AS

ṁv0
, Jb f[

j b fSmi

eṁ
. ~44!

In Eqs.~38!–~42! JD , Jb f , TN,peak, TN,A , PA , nN,peakand f
are functions ofF andEI . The efficiency is

hD5
1

JD
. ~45!

The quantityF is not specified by the input parameters on
since nd may depend on the electron–neutral collision
which depend on the neutral density. Formally, this wou
mean thatF depends on the unknownJb f .

There are five governing equations for seven unknow
However, in the two special cases we address here fur
approximations can be made that reduce the number of
knowns.

A. Zero ion velocity at the anode

In the case of zero ion velocity at the anode the peak
the potential is located at the anode. We, therefore, spe
zpeak50. Also, all ions move towards the cathode, and the
fore j b f50. In the dimensionless equations we write

f 50, TN,peak5TN,A , PA5 4
5 , Jb f50. ~46!

Examining these relations and Eq.~6! we observe that 4/5 o
the thrustṁv0 are a result of the plasma pressure at
anode and 1/5 only is a result of the magnetic field force. T
increase of the efficiency due to the increase of the magn
field intensity is achieved by reducing the current that g
erates the magnetic field force.

Equations~38!, ~41!, and ~42! become the governing
equations for the unknownsJD , TN,A 5TN,peak, andnN,peak.
In this case the thin ionization layer is located in the vicin
of the anode and the integration in Eq.~38! spans the entire
channel length. Equation~39! is trivially satisfied. Writing
the dimensional energy balance equation~36! in the form
 license or copyright, see http://ojps.aip.org/pop/popcr.jsp
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ṁ

Smi
~efA1a ie i !1

5

2
TA

j D

e
5 j DfA , ~47!

we notice that the electric energy that is dissipated in
thruster is invested in ionizing and accelerating the prop
lant, and, in addition, part of the electric energy ends up
thermal energy of the electrons that reach the anode.
energy loss in this case is a result of excess electron hea
In fact, by dividing Eq.~47! by j DfA we can write it as

hD5hD,maxS 12
5

2

TA

efA
D , ~48!

where

hD,max5
1

11a ie i /~efA!
. ~49!

The maximal efficiency is obtained whenTA50.
Let us express these quantities in terms ofF andEI

TA

efA
5

2

5 S 125FEI

115F D , ~50!

nA5npeak54
ṁ

v0Smi
S 115F

125FEI
D , ~51!

JD511
1

5F
, ~52!

and

hD512
1

115F
. ~53!

The maximal efficiency is obtained whenF has its maximal
value

F5Fmax5
1

5EI
. ~54!

Then

TA

efA
50, nA→`, JD5JD,min511EI ,

hD5hD,max5
1

11EI
. ~55!

On the other hand, when

F→0 ~56!

the various parameters obtain the values

TA

efA
→S TA

efA
D

max

5
2

5
, nA→4

ṁ

v0Smi
52ns ,

JD→`, hD→0, ~57!

wherens is the plasma density at the sonic transition pla
as found above.
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B. Backflow towards the anode

In the case of a backflow

TA!a ie i , ~nT!A!~nT!peak5
4

5

ṁ

S
v0 . ~58!

Examining these inequalities and Eq.~33! we find that in this
case of a backflow the net thrustṁv0 is imparted by the
magnetic field force only. The plasma acquires this thrus
the acceleration region, (1/5)ṁv0 by the magnetic field force
and (4/5)ṁv0 by force due to the plasma pressure. Howev
as seen in Eq.~31!, in the backflow region there is a balanc
between the plasma pressure and the magnetic field fo
each one of them equals (4/5)ṁv0 , the plasma pressure to
wards the anode, while the magnetic field force is direc
towards the exit. The net contribution to the thrust ends
being due to the magnetic field force only.

Employing Eq.~58! we write Eq.~35! in the form

ṁ

Smi
~efA1a ie i !2

j b f

e
a ie i5 j DfA . ~59!

We notice that the electric energy that is dissipated in
thruster is invested in ionizing and accelerating part of
propellant towards the exit, and, in addition, in ionizing t
part of the propellant that backflows towards the anode. T
energy loss in this case is a result of excess ionization
fact, we can write the last equation as

hD5hD,maxF11
Jb fa ie i

efA1a ie i~12Jb f!
G , ~60!

hD,max5
1

11EI
. ~61!

The maximal efficiency is obtained whenJb f50.
Upon approximatingPA andTN,A by zero in the govern-

ing equations@Eqs. ~38!–~42!#, we are left with five equa-
tions for the five unknownsJD , Jb f , TN,peak, nN,peakand f .
Let us express these quantities in terms ofF andEI

f 5
4EI

115EI
, ~62!

Jb f512
1

5F

115EI

EI~11EI !
, ~63!

TN,peak52
2

5

Jb f

JD
EI5

2

5

~115EI !25FEI~11EI !

~115EI !15F~11EI !
,

~64!

nN,peak524
JD

Jb fEI

54
ṁ

v0Smi

5F~11EI !1~115EI !

~115EI !25FEI~11EI !
, ~65!

JD511
1

5F

115EI

11EI
, ~66!

and
 license or copyright, see http://ojps.aip.org/pop/popcr.jsp
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hD512
115EI

5F~11EI !1~115EI !
. ~67!

The value off is independent of the value ofF; at the limit
of intense full ionization, the location of the ionization lay
does not depend on the intensity of the magnetic field. Th
because, for a specified magnetic field profile, mass flow
and applied voltage, the magnetic field force exerted on
plasma does not depend on the intensity of the magn
field. This is discussed further in the next subsection.

The maximal efficiency is obtained whenF has its maxi-
mal value

F5Fmax5
1

5EI

115EI

11EI
. ~68!

Then

Jb f50,
Tpeak

efA
50, npeak→`, JD5JD,min511EI ,

hD5hD,max5
1

11EI
. ~69!

On the other hand, when

F→0, ~70!

the various parameters obtain the values

Jb f→2`,
Tpeak

efA
→S Tpeak

efA
D

max

5
2

5
,

npeak→4
ṁ

v0Smi
52ns , JD→`, hD→0. ~71!

In the next subsection we summarize the differences in th
and efficiency between the two cases.

C. Comparison of thrust and efficiency for the two
cases

The limit of intense full ionization with no losses is cha
acterized by a thrustṁv0 that is determined by the mass flo
rate and the applied voltage and is independent of the in
sity of the magnetic field. The relative contribution of th
magnetic field force to this thrust has fixed values, 1/5 wh
the ion velocity at the anode is zero~the other 4/5 is due to
particle pressure!, and a unity when a backflow exists~the
thrust is imparted completely by the magnetic field forc!.
Since these fractions are fixed, increasing the magnetic
intensity for fixed values of mass flow rate and applied vo
age does not increase the exerted magnetic field force; ra
it results in lowering the azimuthal electron current in t
plasma that is required for providing the fixed value of ma
netic field force for each case. This lower azimuthal curr
and the associated lower discharge current correspond
higher efficiency.

Comparing the two cases we find that the minimal d
charge current and the maximal efficiency are the sa
However, the value ofF required to achieve a certain effi
ciency is lower in the case of zero ion velocity at the ano
which is consistent with the fact that the thrust in this cas
only partially due to the magnetic field pressure. Thus,
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the same thrust level and efficiency, at a specific app
voltage, the magnetic field intensity~related to the value of
F) is expected to be higher when ion backflow is prese
This result is exhibited in the contour maps presented sho

As seen in Eqs.~57! and ~71!, when the magnetic field
intensity is lower andF approaches zero, the discharge c
rent grows asymptotically to infinity. At a constant applie
voltage the power needed to accelerate the ions is cons
The excess electrical power applied to the thruster~due to the
higher discharge current! is deposited in a finite thermal en
ergy of the electrons that reach the anode (T52/5 efA for
each electron! in the first case, or is used for the generati
through ionization of backflow ions (a ie i for each ion! in the
second case. Since the number of electrons that reach
anode in the first case and the number of backflow ions in
second case grow with the increasing discharge current,
fraction of power that is not used for thrust generation gro
and the efficiency decreases. These results will be dem
strated in the next section as well.

V. APPLICATION OF THE ANALYTICAL RESULTS

In order to show the explicit dependence of the appro
mated analytical results on the magnetic field intensity a
on the applied voltage we need to specify the form ofnd . In

FIG. 3. Contours of equalJD in the (fA2B0) plane~zero ion velocity at the
anode!.

FIG. 4. Contours of equal thruster efficiencyhD in the (fA2B0) plane
~zero ion velocity at the anode!.
 license or copyright, see http://ojps.aip.org/pop/popcr.jsp
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large domains of the parameter spacenano@nen . Neglecting
nen in the expression fornd simplifies the analysis, sinc
then the value ofnd is determined by the magnetic fiel
intensity only. Although this approximation of neglectingnen

fails when the neutral density is high~for example, when the
backflow towards the anode is large!, we do make this ap-
proximation in the following presentation of the analytic
results, so that

nd5
vc

2

nano
580vc . ~72!

Therefore, the value ofF is determined by the magnetic fiel
profile B(z) and byfA .

For the magnetic field profile@Eq. ~16!# and for the same
values ofzm , Lm , andL as in Sec. II,F takes the form

F540ApB0LmS e

2fAmi
D 1/2FerfS L2zm

Lm
D2erfS 2zm

Lm
D G

51550B0fA
21/2, ~73!

where erf denotes the error function. Also, for the values
a i ande i as taken above for xenon,EI becomes

EI5
30

fA
. ~74!

In the last two equationsB0 and fA are expressed in Tesl
and in Volts. By specifying the values ofB0 and fA we

FIG. 5. Contours of equal electron temperature at the anodeTA in the
(fA2B0) plane~zero ion velocity at the anode!.

FIG. 6. Contours of equalJD in the (fA2B0) plane~ion backflow case!.
Downloaded 14 Nov 2003 to 132.77.4.43. Redistribution subject to AIP
f

determine the values ofF and ofEI . For the case of zero ion
velocity at the anode we calculate, using Eqs.~50!, ~52!, and
~53!, the values ofJD , hD , andTA /efA . Figures 3–5 show
the contour lines of these quantities in the (fA2B0) plane.
The line of TA50 bounds the region in the plane in whic
solutions exist. For the case of a backflow we calculate,
ing Eqs.~62!, ~63!, ~66!, and~67!, the values off , Jb f , JD ,
and hD . Once f is found, we can calculate the location o
the ionization layerzpeak via

f 50.553FerfS zpeak

20
21D10.843G . ~75!

The quantityf ~and therefore, alsozpeak) is a function of the
applied voltagefA only and is independent ofB0 . Figures
6–8 show the contour lines ofJD , hD , andJb f in the (fA

2B0) plane. Figure 9 showszpeakas a function offA . As can
be seen in the figure, the location of the ionization lay
moves towards the anode as the applied voltage increa
The line Jb f50 bounds the regions in the plane in whic
solutions exist.

As can be seen in Figs. 3 and 6 the discharge currenJD

decreases asB0 is increased or asfA is decreased. Formally
this decrease expresses the decrease ofJD with the increase
of F. Physically, this is because a highB0 and low azimuthal
current~that result in a lowJD) provide the same magneti
field force and thrust as do a lowB0 and high azimuthal
current~that results in a highJD). WhenfA is decreased for

FIG. 7. Contours of equal thruster efficiencyhD in the (fA2B0) plane~ion
backflow case!.

FIG. 8. Contours of equal ion backflow current densityuJb fu in the (fA

2B0) plane~ion backflow case!.
 license or copyright, see http://ojps.aip.org/pop/popcr.jsp
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a fixed mass flow rate the thrust is decreased~becausev0 is
decreased!, and therefore for the sameB0 a lower azimuthal
current ~that results in a lowerJD) is needed in order to
provide the smaller required magnetic field force.

Although the neglect of wall losses in our model pr
vents a quantitative agreement between the model pre
tions and the experimental results, the general Hall thru
behavior predicted by the analytical model corresponds w
to the behavior of experimental thrusters. The analyti
model predicts that the discharge current decreases with
creasing magnetic field intensity until a maximal magne
field intensity is reached, beyond which no steady state
lution exists. In a typical Hall thruster experiment the d

FIG. 9. The location of the peak of the potentialzpeak as a function of the
applied voltagefA .
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charge current is measured as a function of the magnetic
intensity for a constant applied voltage. In most cases, s
as in the Soreq laboratory model Hall thruster,2,22 the dis-
charge current does indeed decrease as the magnetic
intensity is increased until a minimal discharge current
obtained. Further increase of the magnetic field intensity
sults in severe discharge current oscillations which dra
cally reduce the thruster efficiency and pose an upper li
on the magnetic field intensity at which a steady state op
tion is still possible. Furthermore, as the analytical mo
predicts, the maximal magnetic field intensity, i.e., the inte
sity yielding the minimal discharge current, increases as
applied voltage is increased.

A comparison of the analytical and the numerical resu
is presented in Fig. 10. Shown areJD , hC , Tpeak, andJb f as
a function of the magnetic field intensityB0 , for a fixed
value of the applied voltage (fA5300 V). The comparison
is made for the two cases: Zero ion velocity at the anode
an ion backflow. The numerical results exhibit the sa
trends as do the analytical results. The analytical model p
dicts a somewhat higher efficiency than the numerical ca
lation does. The small discrepancy is a result of the neg
in the analytical model of the finite thickness of the ioniz
tion layer and of the finite electron and ion energies at
anode in the backflow case. The analytical model also p
dicts a lower value ofB0 for achieving a certain efficiency
and, consequently, a lower maximal possible value ofB0 .
This is also a result of the neglect of certain losses in
analytical model. Generally, the comparison between
ers are:
ed,
k

FIG. 10. A comparison of analytical and numerical results for both zero ion velocity and ion backflow at the anode. The values of the parametS
545 cm2, L550 mm, zm520 mm, Lm520 mm, ṁ55.32 mg/s,fA5300 V, a i52.5. Zero ion velocity at the anode: Analytical prediction—dash
numerical calculation—plus signs. Ion backflow: Analytical prediction—solid, numerical calculation—circles. The quantityTpeakis the temperature at the pea
of the potential and not the peak of the temperature.
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analytical and the numerical results exhibits a fairly go
agreement, demonstrating the usefulness of the analy
model in guiding more elaborate models.

VI. CONCLUSIONS

The flow in the Hall thruster was analyzed at the limit
intense full ionization, for the ideal case of negligible wa
losses and heat conductivity. Two kinds of flows were exa
ined; a flow in which the ion velocity at the anode is zero a
a flow with an ion backflow towards the anode. We were a
to derive analytic expressions for certain important flow p
rameters as a function of the control parameters, while
leave open the question of what the boundary condition
the anode should be. The analytical expressions agree
with numerical solutions of the equations and predict ope
tional features similar to the actual device.

The dependence of the efficiency on the input para
eters, such as the applied voltage and the magnetic field
tensity, was found to be similar in both flows. The ma
difference between the two kinds of flow is the mechani
of energy losses. In the case of a zero ion velocity at
anode, energy is lost through the finite temperature w
which electrons reach the anode. In the case of an ion b
flow, energy is lost in the ionization of the backflow ion
which undergo recombination at the anode. A flow with
zero ion velocity at the anode~no ion backflow! may be
advantageous since a lower magnetic field intensity is
quired in order to achieve a certain efficiency. On the ot
hand, the acceleration region in this regime is longer a
wall losses may reduce the performance.

The analytical results presented here help to better
derstand the thruster behavior and the dependence of th
ficiency on the input parameters. The analytical mo
should be useful in guiding more elaborate models that t
into account additional important processes, such as
conductivity and ion losses in lateral walls. These proces
are known to extend the thickness of the ionization layer
moderate the intensity of the ionization and to reduce
electron temperature and the efficiency to more realistic
ues.
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